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a b s t r a c t

The common approach for simulating the evolution of fiber orientation during flow in concentrated
suspensions is to use an empirically modified form of Jeffery’s equation referred to as the Folgar–Tucker
(F-T) model. Direct measurements of fiber orientation were performed in the startup of shear flow for
a 30 wt% short glass fiber-filled polybutylene terephthalate (PBT-30); a matrix that behaves similar to a
eywords:
hort glass fiber
iber orientation
oncentrated suspension

Newtonian fluid. Comparison between predictions based on the F-T model and the experimental fiber
orientation show that the model over predicts the rate of fiber reorientation. Rheological measurements
of the stress growth functions show that the stress overshoot phenomenon approaches a steady state at a
similar strain as the fiber microstructure, at roughly 50 units. However, fiber orientation measurements
suggest that a steady state is not reached as the fiber orientation continues to slowly evolve, even up to
200 strain units. The addition of a “slip” parameter to the F-T model improved the model predictions of

rheol

ransient rheology

the fiber orientation and

. Introduction

Parts made from short glass fiber composite materials are typ-
cally produced in the melt state using injection or compression

olding. During mold filling the macroscopic flow field gener-
tes a preferred orientation in the fiber microstructure which
ramatically impacts the local mechanical, thermal and insulative
roperties of the part [1]. To optimize the mold design in relation
o the desired part properties it is desirable to be able to simu-
ate fiber orientation as a function of flow field and composite fluid
heological properties.

The first theoretical framework describing the evolution of ori-
ntation of axisymmetric particles that is easily extendable to fibers
s the work of Jeffery [2]. Jeffery showed that the motion of a sin-
le ellipsoidal particle suspended in a Newtonian fluid in a Stokes
ow field will rotate around the vorticity axis. Blunt-ended parti-
les, such as rigid rods or fibers, follow similar orbits that one can
redict using Jeffery’s equation by defining an equivalent aspect
atio. This theory can be applied to dilute suspensions (�� a−2

r ,

here � is the volume fraction) of fibers where forces other than

he macroscopic flow field do not affect the particle dynamics [3,4].
In the semidilute régime (a−2

r � �� a−1
r ), inter-particle hydro-

ynamic interaction is the predominant phenomenon that can

∗ Corresponding author.
E-mail address: dbaird@vt.edu (D.G. Baird).

377-0257/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
oi:10.1016/j.jnnfm.2009.10.003
ogical stress growth functions.
© 2009 Elsevier B.V. All rights reserved.

significantly affect or hinder periodic particle rotation [4]. Petrich
et al. [5] studied the microstructure–stress relationship for various
semidilute fiber suspensions in a Newtonian suspending medium
using a concentric cylinder flow visualization apparatus and digi-
tal recorder. Comparison between their experimental results and
dilute suspension theory showed good agreement for concentra-
tions near the semidilute régime lower boundary. At concentrations
in the semidilute régime near the upper boundary the period of
rotation appeared to be influenced by inter-particle hydrodynamic
interaction. In transient shear rheological measurements, shear
stress oscillations have been observed and linked directly to the
oscillating fiber orientation. However, the measured shear stress
oscillations can dampen over time which is attributed to several
interactions including boundary, particle-particle, hydrodynamic,
or slight aspect ratio variations [6]. Other orientation states have
been observed in and semidilute suspensions where fibers orient
with the long axis in the vorticity and rotate referred to as “log-
rolling”, a phenomenon which is dependent on the viscoelastic
properties of the suspending medium [7]. In general, as the shear
stress approaches a steady state, a pseudo-equilibrium fiber ori-
entation state is reached, which, after a short period of time, may
slowly change with time.

−1
In concentrated suspensions (�� ar ) the distance between
fibers is on the order of the fiber diameter or less, and multi-particle
simulations show that under dynamic conditions fiber–fiber con-
tact can severely affect the fiber motion [8,9]. To our knowledge the
dynamic behavior of fibers in a concentrated suspension has not

http://www.sciencedirect.com/science/journal/03770257
http://www.elsevier.com/locate/jnnfm
mailto:dbaird@vt.edu
dx.doi.org/10.1016/j.jnnfm.2009.10.003
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een studied experimentally. However, rheological measurements
n startup of flow suggest that fibers reorient themselves from their
nitial orientation state to align themselves in the direction of the
uid streamlines [10].

In the first attempts of simulating fiber orientation in injec-
ion molding, Jeffery’s equation for infinitely long fibers was used
11]. Comparison between fiber orientation measurements of an
njection molded part and simulation results suggested Jeffery’s
quation over predicted the degree of alignment and the shear
train at which steady state was reached. As a result Folgar and
ucker [12] modified Jeffery’s theory to include a phenomenologi-
al term that prevented full alignment of fiber orientation, termed
he Folgar–Tucker model (F-T). The F-T model improved the pre-
ictions of the steady state fiber orientation but had little effect on
he strain at which the steady state orientation occurred [13]. As
result, Huynh [13] introduced the strain reduction factor using

he argument that the fibers move in clusters and experience less
train than the bulk.

Model predictions of the rheological stress growth functions
sing the F-T model compared to experimental results suggest that
he rate of fiber reorientation is much slower than theory pre-
icts [14,15]. This was attributed to fiber–fiber contact reducing the
ate of fiber orientation. As a result Sepehr et al. [14] introduced a
slip” parameter to the F-T model, effectively reducing the rate of
ber reorientation. In simple shear flow this is exactly the same as
he strain reduction factor of Huynh [13]. The addition of the slip
arameter improved the model predictions of the transient stresses
ompared to the measured values. We do note, however, that the
tress growth experiments used in the comparison were performed
n a rotational rheometer with parallel disk geometry in which
here is a varying shear rate from the center of the plates to the rim.
ecent results have suggested that the inhomogeneous shear field

n the parallel disk geometry induces excessive fiber–fiber inter-
ction in concentrated fiber suspensions which can have a severe
ffect on the magnitude of the stress growth overshoot peak and
idth of the overshoot [16,17].

The objective of this paper is to assess the ability of current the-
ry for fiber orientation to predict the evolution of fiber orientation
f a concentrated short glass fiber suspension of industrial signifi-
ance in a well defined flow field. Donut shaped samples consisting
f a 30 wt% short glass fiber filled polybutylene terephthalate (PBT-
0) are subject to simple shear flow in a cone-and-plate device in
hich the sample geometry was designed to eliminate the inter-

ction of the fiber with the plate walls [17]. At specific strains of
nterest in a shear stress growth vs. strain plot, the fiber orienta-
ion is determined experimentally using confocal laser microscopy.
he experimental results are then compared to the F-T model with
nd without the addition of the slip parameter. The unique aspect
f this work is the experimental confirmation of the fiber orienta-
ion evolution and its comparison to the predictions of theory for
ber orientation.

. Theory

.1. Orientation tensors

The orientation of a single fiber can be described with a unit vec-
or u along the fiber axis as shown in Fig. 1. The average orientation
f a large number of fibers of similar length can be described using
distribution function,  (u,t). A widely used and compact way

o represent the average orientation state is with the second- and

ourth-order orientation tensors which are defined as the second-
nd fourth-moments of the orientation distribution function [18],

(t) =
∫

uu (u, t) du (1)
Fig. 1. Unit vector u describing the orientation state of a rod in spherical coordinates.

A4(t) =
∫

uuuu (u, t) du (2)

The trace of A is always equal to 1 and for a completely random
orientation state A = 1/3I, where I is the unit tensor. In the limit
that all the fibers are perfectly aligned in the x1 direction the only
non-zero component of A is A11 = 1.

2.2. Evolution of fiber orientation

The first theoretical work describing the evolution of high aspect
ratio particle orientation that is easily extendable to rigid rods or
fibers is that of Jeffery [2]. Jeffery’s analysis can be written in terms
of the second- and fourth-order orientation tensors as follows [18],

DA
Dt

= (W · A − A · W) + �(D · A + A · D − 2D : A4) (3)

where D/Dt is the material derivative, � is a shape function
� = (a2

r − 1)/(a2
r + 1), W = [(�v)t − �v]/2 is the vorticity tensor,

D = [�v + (�v)t]/2 is the rate of strain tensor and �v =∂vj/∂xi. For
fibers it is common to assume the particle’s aspect ratio approaches
infinity, in which case �→ 1.

For non-dilute suspensions Folgar and Tucker [12] modified Eq.
(3) to include a phenomenological term to account for fiber interac-
tion preventing complete fiber alignment referred to in this article
as the F-T model [18]:

DA
Dt

= (W · A − A · W) + (D · A + A · D − 2D : A4) + 2CI�̇(I − 3A) (4)

where CI is a phenomenological parameter and �̇ is the scalar mag-
nitude of D. The last term on the right hand side of the equation is
very similar to the isotropic diffusivity term in theories for Brow-
nian rods [19]. The slip coefficient introduced by Sepehr et al. [14],
discussed previously, can be incorporated into the F-T model, which
we refer to as the F-T-S model, as follows,

DA
Dt

= ˛[(W · A − A · W) + (D · A + A · D − 2D : A4) + 2CI�̇(I − 3A)]

(5)

where the slip coefficient, ˛, is some value between 0 and 1. The
addition of the slip parameter to the equations governing fiber
motion results in a loss of material objectivity of the equation,

see for example Tanner [20]. However, the physical aspects of the
model are still valid in the case of simple shear flow, which is the
focus of this paper.

To solve equations Eqs. (3), (4) or (5) a closure approxima-
tion is needed to express the fourth-order tensor A4 in terms of
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. Many closure approximations have been proposed including
he quadratic [19], hybrid [18], eigenvalue- [21] and invariant-
ased optimal fitted [22] to name a few. A good review of
heir accuracy can be found in the references [23,24]. For this
ork we use the invariant-based orthotropic fitted (IBOF) clo-

ure approximation established by Chung and Kwon [22] because
f its stability, accuracy, and computational efficiency. The IBOF
egins with the most general form of the fourth-order tensor A4 as
ollows,

ijkl = ˇ1S(IijIkl) + ˇ2S(IijAkl) + ˇ3S(AijAkl) + ˇ4S(IijAkmAml)

+ˇ5S(AijAkmAml) + ˇ6S(AimAmjAknAnl) (6)

here the operator S indicates the symmetric part of its argument
uch as,

(Tijkl) = 1
24

(Tijkl + Tjikl + Tijlk + Tjilk + Tklij + Tlkij + Tklji + Tlkji
+ Tikjl + Tkijl + Tiklj + Tkilj + Tjlik + Tljik + Tjlki + Tljki
+ Tiljk + Tlijk + Tilkj + Tlikj + Tjkil + Tkjil + Tjkli + Tkjli) (7)

The IBOF assumes that the coefficients ˇ1 to ˇ6 are polynomial
xpansions of the second and third invariants of A. We use the
fth-order polynomial for which the polynomial coefficients can
e found elsewhere [22].

.3. Stress

Lipscomb et al. [25] proposed a stress equation for a dilute sus-
ension of high aspect ratio particles as,

= −pI + 2�sD + 2c1��sD + 2��sND : A4 (8)

here � is the total stress, p is pressure, �s the suspending medium
iscosity, c1 a constant, and N a dimensionless parameter that rep-
esents the coupling between hydrodynamic stress contribution
nd the fiber orientation. Lipscomb et al. give c1 to be equal to
for dilute suspensions, but we choose to use it as a fit param-

ter. Also, Lipscomb et al. give N to be a function of the particle
spect ratio. Semidilute suspension theories such as the Dinh and
rmstrong [26], Shaqfeh and Fredrickson [27], or Phan-Thien and
raham [28] can also be written in the form of Eq. (8) noting that
ome assume the third term is negligible or c1 = 0. These theories
ocus on an expression for N considering inter-particle hydrody-
amics. For predicting the rheological behavior of concentrated
uspensions N is frequently determined by fitting predictions to
xperimental results and this is the approach we use in this work.
or the startup of shear flow, the shear stress growth coefficient,
+, and first normal stress difference growth function, N1

+, can be
etermined from Eq. (8) for simple shear flow kinematics (v1 = �̇y
nd v2 = v3 = 0) as,

+ = �12/�̇ = �s + c1�s� + 2�s�NA1212 (9)

+
1 = 2��s�̇N(A1211 − A1222) (10)

here we define x1 as the flow direction, x2 as the direction of
elocity gradient and x3 as the neutral direction.

. Experimental

.1. Materials
For this work a commercially available 30 wt% (volume frac-
ion, � = 0.1766) short glass fiber filled polybutylene terephthalate
PBT-30) provided by GE Plastics under the trade name Valox 420
as used. Linear viscoelastic measurements confirmed that the
luid Mech. 165 (2010) 110–119

matrix was Newtonian-like, the details of which have been pub-
lished elsewhere [29]. To examine the effect of fiber concentration
on the rheological behavior, PBT-30 was diluted to concentrations
of 4.07, 8.42, 15, 20 and 25 wt%. Compounding was accomplished
by passing dry blended amounts of PBT-30 and the neat matrix
through the extruder section of an Arburg Alrounder 221-55-250
injection molder at an rpm of 200. The extrudate was collected
before entering the runner of the mold and pelletized. The pellets
were then compression molded for rheological testing to a cone-
and-plate disk at 260 ◦C. Precautions were taken to minimize the
degree of thermo-oxidative degradation of the PBT matrix by drying
the materials at 120 ◦C for a minimum of 12 h in a vacuum oven at
a pressure smaller than 0.4 in.Hg before sample extrusion, molding
or testing [30].

To characterize the glass fiber within the suspension, pyrolysis
was performed on the PBT-30 pellets at 500 ◦C after extrusion to
separate the fibers from the matrix. The average fiber length was
determined by measuring the length of 1000 randomly selected
fibers. The number average and weight average fiber length of
PBT-30 was found to be Ln = 0.3640 and Lw = 0.4388 mm, respec-
tively, with a standard deviation of 0.17 mm. The same fiber
length measurement was performed on all the diluted concen-
trations and was found to be within 0.3640 ≤ Ln ≤ 0.3740 and
0.4388 ≤ Lw ≤ 0.4578 mm. The fiber diameter, D, was determined
directly from images taken of fiber cross sections using a confo-
cal laser microscope, discussed later, and the average diameter of
1000 fibers was found to be D = 12.9 �m with a standard deviation
of 1.7 �m. This relates to a number average aspect ratio for PBT-30
of ar ∼= 28.2.

3.2. Rheological measurements

All rheological measurements were performed on a Rheomet-
rics Mechanical Spectrometer (RMS-800) at 260 ◦C. To minimize the
degree of thermo-oxidative degradation, all experiments were per-
formed in a nitrogen environment with a freshly loaded pre-formed
sample. Rheological measurements on the PBT matrix were per-
formed with a 25 mm cone-and-plate fixture with 0.1 radian cone
angle.

The common approach to characterizing the rheological behav-
ior of short glass fiber filled polymer melts is to use a rotational
rheometer with parallel disk geometry set to a gap where mea-
surements are independent of gap height. However, recent results
suggest that the inhomogeneous velocity gradient imposed by the
parallel disk geometry can lead to exaggerated measurements of
the rheological material functions [17]. As a result, it was of primary
importance to perform the experiments on the glass fiber-filled
suspensions in a rheometer that imposes a homogeneous shear
field such as the cone-and-plate geometry [31]. For our measure-
ments a 50 mm diameter cone-and-plate fixture was fabricated and
used. The cone had a 0.1 radian cone angle and was truncated to
allow for a gap of 50 �m at the center. To minimize the degree of
fiber–boundary interaction Blankeney [32] and Attanasio et al. [33]
suggested that the rheometer gap be at least three times the length
of the longest dimension of the suspension particle. Experimental
results using parallel plate geometry with various rheometer gaps
confirmed that for the PBT-30 there is a negligible effect on the
stress growth and steady state rheological behavior when the gap
is roughly three times the number average fiber length [17]. The
gap within the 50 mm cone and plate fixture varies linearly from
2.51 mm at the outer edge to 0.05 mm at the center. To remove the

excessive fiber–boundary interaction near the center, a 25.4 mm
diameter hole was drilled through the center of the pre-formed
disks creating a donut shaped sample which we refer to as “donut”
samples. A schematic drawing of the donut sample can be seen in
Fig. 2. After each experiment the void space at the center was mea-
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Fig. 3. Schematic drawing of the polished and imaged planes perpendicular to the
neutral, r, and flow, ϕ, directions. Images were taken at four positions: three posi-
Fig. 2. Schematic drawing and cross-sectional profile of the donut sample.

ured to account for sample loading as the gap is squeezed to proper
imensions. The hole diameter varied slightly, 23.8 ± 0.5 mm and
as accounted for in calculating the stresses for each run. A com-
rehensive analysis and description of the donut sample can be
ound elsewhere [16,17].

For measurements performed using the cone and plate fixtures,
+ and N1

+ were calculated as functions of torque, M(t), and normal
orce, F(t), from [34],

+(t) = �+/�̇ = 3M(t)
2��̇

(R3
o − R3

i )
−1

(11)

+
1 (t) = 2Fz(t)

�
(R2

o − R2
i )

−1
(12)

here Ro and Ri are the outer and inner radius, respectively. The
xperimental reproducibility was found to be ±5% for �+ and ±7%
or N1

+.

.3. Measurement of fiber orientation

The fiber microstructure was characterized using confocal laser
icroscopy in a similar approach to that proposed by Lee et al.

35]. Donut samples composed of PBT-30 were sheared using the
MS-800 at �̇ = 1 s−1 for a specified time relating to predetermined
train, � = �̇ t. Immediately after deformation, and taking precau-
ion not to disturb the sample melt, the temperature was lowered
elow the melt temperature “locking-in” the flow generated fiber
icrostructure.
The samples were prepared by sanding embedded sections of

he donut sample in epoxy to a specific plane depth, and then
olishing the surface to a final abrasive particle size of 0.3 �m
luminum oxide (Al2O3) following standardized techniques [36].
ample images were taken at four possible locations denoted by
D-1–4 and are depicted in Fig. 3 for clarification. Locations PD-
, PD-2 and PD-3 were located in the plane perpendicular to the
-direction (flow-direction) at distances of 4.0, 6.25, and 8.5 mm,

espectively, from the outer edge, and PD-4 was located in the plane
erpendicular to the r-direction (neutral-direction) at a depth of

.0 mm. PD-1 and PD-4 can be considered mutually perpendicular
lanes of different sections of the donut sample.

In total, the fiber orientation was measured for 11 samples
hich where deformed to strains of 0, 4, 7, 9, 12, 25, 50, 100 and

00. Samples deformed to strains 4, 25, 100 and 200 were imaged
tions perpendicular to the flow-direction at a distance of 4.0, 6.25, and 8.5 mm from
the outer edge denoted by PD-1, PD-2, and PD-3, respectively, and one position per-
pendicular to the neutral direction denoted by PD-4. At all locations images were
taken through the entire height of the sample.

at locations PD-1 and PD-4, all other samples were imaged at loca-
tions PD-1 thru PD-4 as depicted in Fig. 3. These experiments were
designed to highlight structural features that correlated to the tran-
sient stresses. For instance, the fiber orientation at strains 4, 7, 9
and 12 were meant to characterize the fiber orientation during
the overshoot region; 7 and 9 relate to the peaks of the �+ and
N1

+ overshoot, respectively. The onset of steady state for �+ and
N1

+ was characterized by strains 25 and 50, respectively, and the
plateau region in which the stresses did not exhibit large changes
by strains 100 and 200. A sample loaded into the rheometer but not
sheared, strain 0, represents the initial fiber orientation within the
rheological samples.

The images were taken using a Zeiss LSM510 confocal laser scan-
ning microscope fitted with a 40× water immersion objective lens
and a laser excitation wavelength of 543 nm. The final image was
230 �m × 230 �m with a resolution of 1024 × 1024 pixels. For each
sample, sequential images were taken from the bottom to the top
in the direction of the velocity gradient and at two planes of depth.
In the image the cross section of each fiber appeared as circles or
ellipse-like shapes. To process the image, the circumference of each
fiber intersection was traced by hand in power point to improve
the contrast between the fibers and the matrix and converted to
a binary image. A computer program was written in combination
with image analysis software in Matlab that measured the position
of center of mass, the major and minor axis and local angle between
a fixed coordinate frame and the major axis of the ellipse. The com-
ponents of u for each fiber were determined from the elliptical
“footprint” at two cross sectional planes.

With knowledge of u for each fiber the tensor, A can be con-
structed as follows:∑

(uiuj) Fn Mn
Aij = n∑
Fn

, Fn =
mn

(13)

where Fn is a weighting factor, Mn is the major axis, and mn is the
minor axis for the nth fiber [37]. The weighting function is based on
the probability of a 2D plane intersecting the nth fiber. Meaning, a
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Fig. 4. Stress growth behavior of PBT and PBT containing various concentrations of
short glass fiber at �̇ = 1 s−1. (a) Shear stress growth coefficient, �+, (b) first normal
14 A.P.R. Eberle et al. / J. Non-Newto

ber aligned perpendicular to the plane is more likely to be severed
han one aligned parallel. Using the weighting function, the larger
he aspect ratio of the ellipse, the more that fiber is weighted. In
he results and discussion section the orientation tensor A will be
sed to describe the average orientation state of the system. The
eproducibility of the Aij component between different samples
as found to be dependent on the magnitude of the Aij compo-
ent with the maximum error being ±12.4% for the component of
mallest magnitude, the A22.

. Experimental results and discussion

In the first part of this section we show the stress growth
ehavior of PBT containing various concentrations of glass fiber
o establish the interest in understanding the dynamic behavior
f the PBT suspension containing the greatest fiber concentration,
BT-30, subject to startup of flow. The focus of this section is to
efine the technique used to characterize the orientation of the
lass fiber within the rheometrical samples consisting of PBT-30
uring startup. A key aspect to our experimental scheme lies in
he assumption that the fiber orientation is maintained during
tress relaxation. To convince the reader that the fiber orientation
oes not change during stress relaxation and over quiescent peri-
ds we present interrupted stress growth/relaxation results. This
s followed by a mathematical verification of the degree to which
rownian motion and sedimentation contribute to the change in
ber orientation. Finally, we discuss the technique used to mea-
ure the fiber orientation and briefly present the results. Further
iscussion of the experimental results for fiber orientation will
e presented in the subsequent section on modeling of the fiber
rientation.

.1. Transient rheology

The stress growth behavior of the PBT containing various
oncentrations of fibers can be seen in Fig. 4(a and b) for the
hear stress growth coefficient, �+, and the first normal stress
ifference growth function, N1

+, respectively. In Fig. 4(a) the
0 wt% exhibits a typical �+ of a concentrated short glass fiber-
lled fluid. Initially, there is a large transient overshoot that
eaches a maximum in approximately 7 strain units which decays
owards a steady state. It is difficult to define exactly when

steady state is reached, but the majority of the overshoot
ccurs within 25 and 30 strain units and the stresses appear to
pproach a steady state at roughly 50 strain units. In compar-
ng �+ exhibited by the different concentrations, the magnitude
f the overshoot decreases with decreasing fiber concentration.
or the 4.07 and 8.42 wt% �+ decays from the beginning of flow
oward a steady state and, as a result, there is no discernable
vershoot. A fully developed overshoot appears to occur around
5–20 wt%.

N1
+ is plotted vs. strain in Fig. 4(b) for the various concen-

rations. Similar to �+, N1
+ for the 30 wt% exhibits a large initial

vershoot that reaches a steady state around 50 strain units. The
vershoot peak is more than 8 times the steady state value. All
he concentrations tested exhibited an overshoot which increased
ith increasing fiber concentration. However, there seemed to be
broadening of the overshoot and a significant increase in the
agnitude that occurred at 15 wt%. The dramatic increase in the
agnitude and broadening of the overshoot is believed to be a
esult of significant fiber contact at the higher concentrations. All
ut the lowest concentration is in the concentrated régime, but
tress growth behavior of the 30 wt% exhibited the most dramatic
ehavior. Furthermore, for this work we were interested in study-

ng the dynamic behavior of a concentrated suspension of industrial
stress growth, N1
+, vs. strain. The symbols (×), (�), (–), (o), (♦) and (�) represent

fiber wt% 4.07, 8.42, 15, 20, 25 and 30, respectively. The solid line depicts the neat
PBT for comparison in both graphs.

significance. As a result, the 30 wt% was chosen for the fiber orien-
tation experiments.

During sample preparation for the fiber orientation measure-
ments, it was assumed that the fibers maintained their orientation
during stress relaxation. To reinforce this assumption, interrupted
stress growth experiments were performed after the overshoot
region and at the peak of the N1

+ overshoot, depicted in Fig. 5(a
and b), respectively. In Fig. 5(a) the results of two interrupted tests
on two different samples can be seen. Initially both samples were
deformed for 100 s at a �̇ = 1 s−1, after which the flow was stopped.
For the first sample, the flow was reapplied after 50 s, and for
the second the flow was reapplied after 200 s. In both cases the
stresses grew to their previous value within the time resolution of
the experiment, 0.5 s, and independent of the time between flows.
This test was performed up to a maximum wait time of 1000 s and
confirms that the overshoot region is not recoverable over span of
time relevant to this work. A similar interrupted stress growth test
was performed except the flow was removed at the peak of the N1

+

overshoot and can be seen in Fig. 5(b). When the flow was reapplied
the stresses immediately grew to their previous values. The behav-

ior exhibited by PBT-30 in both Fig. 5(a and b) suggests that the
fibers do maintain their orientation during stress relaxation. If this
assumption is correct, then even at very long times the fiber orien-
tation should remain constant under static conditions if unaffected
by external forces such as Brownian motion or gravity.



A.P.R. Eberle et al. / J. Non-Newtonian Fluid Mech. 165 (2010) 110–119 115

Fig. 5. �+ and N1
+ vs. strain, � , for PBT-30 in interrupted flow experiments. All flow

was performed at �̇ = 1 s−1. (a) Two interrupted experiments were performed on
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wo different samples. In one experiment the flow was removed for 50 s and in the
ther experiment flow was removed for 200 s. (b) An interrupted flow experiment
here a fresh sample was subject to flow at �̇ = 1 s−1 for 10 s, the flow was removed

or 20 s, and then the flow was reapplied.

.2. Impact of Brownian motion and gravity

The relative effect of Brownian motion on the orientation of
he fibers within the suspension can be determined by consider-
ng the ratio of the experimental shear rate, �̇ , to the rotational
iffusion constant, Dr, also known as the Péclet number, Pé =

˙ /Dr. For a fiber Dr = 3kbT[ln(ar) − 0.8]/��sL3, where kb is Boltz-
ann’s constant, T is the temperature in Kelvin, �s is the viscosity

f the suspending medium and L is the fiber length [19]. For
BT-30 Pé ≈ 1013, and therefore, can be considered non-Brownian
38]. To estimate the relative effect of gravity on fiber orientation
haouche and Koch [39] proposed an expression to estimate the
elative time scale for sedimentation, ts, the time required for a
ber parallel to the vertical direction to sediment over its length,
s ts = 8�sL/
g�d2[ln(2ar) − 0.72]. For an average fiber in PBT-30
s ≈ 45 h and represents the minimum estimated time for a fiber to
ettle as fiber contact would act to increase ts.

.3. Fiber orientation measurements
The orientation of each fiber can be described in spherical coor-
inates using a unit vector, u, along the fiber axis depicted in Fig. 1.
he zenith and azimuthal angles (� andϕ, respectively) defining the
omponents of u for a each fiber can be calculated from the ratio
f the minor and major axis of the elliptical footprint using Eq. (14)
Fig. 6. (a) Elliptical “footprint” of fiber cross section where M is the major axis and
m is the minor axis. (b) Two possible unit vectors, u, along the backbone of the fiber
and depiction of the positive angle �.

and the other angle can be measured directly from the image [35].
In Eq. (14) the subscript 1–2 refers to the x1–x2 plane.

cos �
∣∣
1−2

= m

M
(14)

Fig. 6(a) depicts the elliptical footprint in the x1–x2 plane and
the angle ϕ measured directly from the image. The limitation of
calculating the angle based on Eq. (14) is that the angle is always
between 0 and � causing an inherent ambiguity. For example, in
the x1–x2 plane it is impossible to distinguish between a fiber that
is oriented at (�1,ϕ1) or (�− �1,ϕ1) because their cross sections are
identical. Fig. 6(b) depicts two possible unit vectors u for the same
elliptical footprint.

To increase the accuracy of the 3D description of fiber orienta-
tion and reduce the inherent ambiguity in the method previously
described, imaging was performed using a confocal laser micro-
scope. This allowed for images to be taken at multiple depths
parallel to the plane of interest and fully describe the 3D fiber
orientation without ambiguity. Fig. 6(b) illustrates a fiber cross sec-
tion with two possible unit vectors whose orientation is the mirror
image of each other. When only one plane is analyzed it is impos-
sible to determine the correct vector u. However, when images
from two depths are compared, the center of mass displacement
confirms the appropriate u vector. This is slightly different from
the work of Lee et al. [35] who calculated the angle based on the
measured displacement.

After processing the images relating to the experimental data,

it was found that change in center of mass of the two elliptical
footprints was only detectable when the aspect ratio of the ellipse
was roughly greater than three or at an angle of greater than roughly
50◦ due to the limited depth of penetration of the laser. For the
PBT-30 the maximum penetration was found to be 8 �m. For this
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Fig. 7. The evolution of the fiber orientation determined experimentally during
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eason we term our analysis “pseudo-3D” in that there is still a
ertain amount of ambiguity with the calculated angle for fibers
hich were mostly aligned in the direction perpendicular to the
lane of interest.

For the geometric analysis defined above to be valid it is assumed
hat the fibers are perfectly rigid circular cylinders. Forgacs and

ason [40] developed an equation to estimate the critical shear
tress at which the shear-induced axial compression can cause a
otating fiber to buckle, critical = Ef[ln(2ar) − 1.75]/2ar

4, where Ef
s the flexural modulus. Assuming Ef ≈ 73 GPa for the glass fibers

ithin the PBT-30 suspension [41], then critical ≈ 1.3 e105 Pa, and
hey can be considered rigid at �̇ = 1 s−1.

.4. Fiber orientation

In the literature it is a common practice to assume the ini-
ial fiber orientation within rotational rheometer samples is, on
verage, random [14,42]. As the initial orientation assumed in
aking the calculations can drastically influence the predictions,
e directly measured the initial fiber orientation of the samples

ubjected to the startup of shear flow. The initial measured fiber
rientation of the donut samples, represented using the orientation
ensor A at strain 0 is shown in Eq. (15),

A
∣∣
�=0

=
(

0.517 0.075 0.058
0.075 0.035 0.035
0.058 0.035 0.448

)
(15)

The experimental data represented in Eq. (15) shows that the
ajority of the fibers were initially oriented in the x1 and x3 direc-

ions with very few aligned in the x2 direction. This is attributed
o the deformation history given to the sample during compres-
ion molding of the sample disk and while it is loaded into the
heometer.

The experimentally determined Aii components as a function of
train can be seen in Fig. 7(a). The A11 component increases with
ncreasing strain while the A33 component decays at a similar rate.
his shows that the fibers, whose initial orientation is mostly in the
1–x3 plane, reorient to align in the x1 direction. The rate of fiber
eorientation is fastest between strains 0 and 50; after a strain of 50
he rate dramatically decreases and relates to the onset of steady
tate exhibited by the N1

+ overshoot. The growth rate of the A11
omponent is nearly identical to the decay rate of the A33 compo-
ent. Mathematically this growth/decay behavior can be described
ver the range of � using a slow logarithmic function of the form
ii = Aii 0 ±�× ln(�) where Aii 0 is Aii component at � = 0, � is a con-
tant, and the + or − is for growth or decay behavior as in A11 and
33, respectively. The slow logarithmic function was fit to both A11
nd A33 over the entire data set leading to a single function con-
tant � = 0.06 with an R2 = 0.86 and can be seen in Fig. 7(a). If you
redict when the fiber would reach full alignment (A11 = 1) using
his equation leads to a strain of 3150. It is difficult to draw an exact
onclusion based on this general function because there are mul-
iple solutions within the error bars of the data set. However, on
verage, the data suggest that the fiber orientation is still evolving
ven up to 200 strain units.

In contrast to the A11 and A33 components, A22 exhibits an ini-
ial increase that decays slightly to what appears to be a statistical
teady. This behavior is more readily quantified by normalizing the
ber orientation at the various strains by the initial orientation,

22 0/A22, which can be seen in Fig. 7(b) along with A12 0/A12. The
22 and A12 components increase to 1.8 and 2.8 times the initial
alue, respectively, but the peak occurs at a strain of 4 for A12 and
strain of 7 for A22. In addition, the apparent steady states occur

t the different strains of 12 and 25 for A22 and A12, respectively,
hich correlates to the onset of steady state in �+.
startup of flow represented through the Aij components. (a) The Aii components;
the solid lines represent a slow logarithmic function fit to the A11 and A33 compo-
nents. (b) The A12 and A22 components normalized by the initial orientation A12 0

and A22 0, respectively.

5. Simulations

5.1. Numerical method

Before making a comparison between experimental and pre-
dicted values of fiber orientation, a brief discussion of the numerical
solution method is given. In all models that contained A4, the IBOF
closure approximation was used to express A4 in terms of A. Equa-
tions (4) and (5) were solved numerically using Gear’s implicit
predictor-corrector method at a time step of 0.01 s. Model pre-
dictions were found to be independent of time step at smaller
increments. The initial conditions and model parameters are dis-
cussed later.

5.2. Effect of CI and ˛

In Fig. 8 the effect of fiber interaction and slip through the
parameters CI and ˛, respectively, on the predictions of the F-T and
F-T-S models from an initial random orientation are shown. For
increasing fiber interaction the steady state value of A11 decreases,
but has a negligible effect on the initial growth rate of A11 for the
values of CI of practical interest, CI < 0.01. Predictions of the F-T

model with a small degree of interaction, CI = 0.0001, are within 1%
of the that predicted by Jeffery’s equation, Eq. (3), in the limit of
�= 1. In contrast to the effect of CI on the F-T model predictions,
the addition of slip as in the F-T-S model results in a decrease in the
growth rate of the A11 component but has no effect on the steady
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Fig. 8. Effect of the slip constant, ˛, and the Folgar–Tucker constant, CI , on A11 as
predicted by the Folgar–Tucker (F-T) model, and the Folgar–Tucker model with the
addition of a slip term (F-T-S). The solid lines represent the F-T model, Eq. (4), and the
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Fig. 10. Experimental and predicted fiber orientation represented through the Aii
roken lines represent the F-T-S model, Eq. (5). Decreasing˛ refers to values˛= 0.75,
.5 and 0.25, and increasing CI refers to values of CI = 0.001, 0.005 and 0.01. The bold

ine represents the F-T model with CI = 0.0001. All simulations were performed at a
˙ = 1 s−1.

tate asymptote. The parameters CI and ˛ allow one to indepen-
ently adjust the steady state fiber orientation and the rate of fiber
eorientation as predicted by Eq. (5).

.3. Model predictions

In Fig. 9 the experimentally determined Aii components vs.
train are compared to the F-T model with small fiber interac-
ion CI = 0.0001, and CI = 0.006 which was determined by fitting the
teady state model predictions to the experimental data at a strain
f 200. The F-T model with small interaction drastically over pre-
icts the Aii components rate of reorientation. The F-T model with
I = 0.006 also over predicts the Aii components reorientation rate

t small strains but approaches the value at large strains. Further-
ore, the F-T model with CI = 0.006 reaches a steady state in ∼50

train units, but as previously discussed the experimental data sug-
ests that the fiber orientation is still evolving even up to the largest
train measured. The predictions of the Aii components using the F-

ig. 9. Experimental and predicted fiber orientation represented through the Aii

omponents in startup of simple shear flow at �̇ = 1 s−1. The lines represent the
redictions of the Folgar–Tucker (F-T) model with CI = 0.0001 (dashed line) and
I = 0.006 (solid line).
components in startup of simple shear flow at �̇ = 1 s−1. The lines represent the
predictions of the Folgar–Tucker model with the addition of a slip term (F-T-S) with
˛= 0.3, CI = 0.0001 (dashed line) and CI = 0.006 (solid line).

T model shown in Fig. 9 are relatively accurate at the largest strain
which is expected as the CI was parameter was adjusted to fit the
F-T model predictions at that strain. However, the continuously
evolving fiber orientation suggests that a correct value would be
smaller than CI = 0.006.

Model predictions of the F-T-S model compared to the experi-
mentally determined Aii components are shown in Fig. 10. The slip
parameter ˛was determined by fitting the F-T-S predictions, with
CI = 0.006, to the experimental A11 and A33 components over the
whole strain range and was found to be ˛= 0.3. Values of ˛< 0.3
resulted in a loss of accuracy between the F-T-S model predictions
and the experimental data at small strains, � < 25, for all values
of CI. For comparison purposes the F-T-S model with CI = 0.0001,
and ˛= 0.3 was included in the figure. Predictions of the F-T-S
model with small CI shows good agreement with the A11 and A33
components at small strains but over predicts the degree of ori-
entation at large strains. The F-T-S model with CI = 0.006 shows
good agreement with the A11 and A33 components for all strains
tested. However, at a strain 150 the predictions reach a steady
state. The F-T-S model predictions of the A22 does not show good
agreement at small strains, � < 25. Experimentally, the A22 compo-
nent increases from strains 0 to 4 where it reaches a maximum
and then decreases. The F-T-S model with small CI predicts the A22
component to decrease from its initial orientation state while the
F-T-S model with small CI = 0.006 predicts the A22 component to
increase the steady state value without exhibiting an overshoot. It
is not exactly clear why the experimental A22 component increases
and goes through a maximum, similar to an overshoot, but one
possible contributing factor could be direct fiber contact. The over-
shoot in the A22 component occurs at small strains when there is
a high degree of fiber reorientation. We believe the inability of the
F-T-S model to predict the overshoot in the A22 component is a defi-
ciency in the physical predictions of the model and not a result of
the IBOF closure approximation. This was confirmed by performing
a stochastic simulation of Eq. (5) in which no closure approxima-
tion was needed, see, for example Fan et al. [43]. The stochastic
simulation of the A22 component did not exhibit an overshoot for
the range of CI < 0.01 tested.
F-T-S model predictions of the A12 component compared to the
experimental values can be seen in Fig. 11. Similar to the A22 compo-
nent there is a rise in the values of A12 from � = 0, passing through a
maximum at � = 7 and then decaying slowly with increasing strain.
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Fig. 11. Experimental and predicted fiber orientation represented through the A12

component in startup of simple shear flow at �̇ = 1 s−1. The lines represent the
predictions of the Folgar–Tucker model with the addition of a slip term (F-T-S) with
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Fig. 12. Experimental and predicted stress growth functions using the
I = 0.0001 (dashed line) and CI = 0.006 (solid line). Predictions were performed using
xperimentally determined initial conditions (IC) at a strain of 0 and 7 shown as IC
= 0, and IC � = 7, respectively, in the figure.

his is in contrast to the predicted A12 component which decays
rom the initial value. However, when the simulations begin from
he experimental fiber orientation at a strain of 7, given in Eq. (16),
he predictions show good agreement with the rate of decay. After
hich the experimental A12 component appears to reach a steady

tate of greater magnitude than the predicted value.

A
∣∣
�=7

=
(

0.546 0.138 −0.040
0.138 0.079 −0.005
−0.040 −0.005 0.375

)
(16)

We now compare the predictions of the stress growth functions
+ and N1

+ vs. strain by way of Eqs. (9) and (10), in combination with
he F-T-S model for fiber orientation to the experimental results.
he stresses are directly linked to the fiber orientation through the
ydrodynamic drag term in Eq. (8). In a similar manner to the A12
omponent, the F-T-S model did not predict an overshoot in the
1212 component. As a result the predicted �+ did not exhibit an
vershoot when the simulations of the stresses began from strain
. For this reason the model predictions of �+ and N1

+ discussed
ubsequently begin from a strain of 7 using the experimental fiber
rientation at that strain as the initial conditions. For the F-T-S
odel the same parameter values of CI and ˛ that were used in

he simulations of the fiber orientation are used to simulate the
tresses, i.e., CI = 0.0001 and 0.006 and ˛= 0.3. The model param-
ters c1 and N were determined through a visual best fit of the
redicted �+ and N1

+ to the measured values of �+ and N1
+. The best

t parameter values using the F-T-S with CI = 0.0001 and CI = 0.006
ere found to be c1 = 1.5, N = 35, and c1 = 0, N = 35, respectively.

The comparison of the experimental and predicted values of �+

an be seen in Fig. 12 (a). Eq. (9) in combination with the F-T-S
odel with small CI produced the best fit; the model shows good

greement compared to the experimental results over the entire
ange of strain. In contrast, we were unable to fit the predictions of
q. (9) in combination with the F-T-S model with CI = 0.006 to both
he overshoot maximum and the steady state values simultane-
usly. The experimental and predicted N1

+ vs. strain can be seen in

ig. 12(b). For both values of CI = 0.0001 and 0.006 in which the F-T-
model was used to predict the fiber orientation we were unable to
t the magnitude of the overshoot region. It is not directly clear why
he model was unable to predict the magnitude of the overshoot.
owever, one plausible explanation is the Lipscomb stress equation
Folgar–Tucker model with the addition of a slip term (F-T-S) in startup of
simple shear flow at �̇ = 1 s−1. The dashed and solid line depict model predictions
for CI = 0.0001 and 0.006, and �+ and N1

+ were produced by means of Eqs. (9) and
(10), respectively. (a) �+, (b) N1

+ vs. strain.

does not account for direct fiber contact which could potentially
contribute to the stresses.

6. Conclusions

The common approach to predicting the evolution of fiber ori-
entation during simulation of processing flows such as injection
molding is to use an empirically modified form of Jeffery’s equa-
tion, the F-T model. Direct measurement of fiber orientation in
startup of flow of a concentrated composite fluid shows that the
F-T model over predicts the rate of fiber reorientation. The addi-
tion of the slip parameter to the F-T model, which acted to slow
the rate of fiber reorientation, improved the model predictions at
all the strains examined. A linear fit to the A11 and A33 components
of A at strains of 50, 100, and 200 suggest that the fiber orienta-
tion is still evolving even after 200 strain units where the F-T and
F-T-S models predict a steady state has been reached. It is unclear
at what strain the fibers would reach a steady state, but the fiber
orientation might continue to evolve to very large strains.

In startup of flow, the experimental A22 and A12 components
exhibited an overshoot behavior. The F-T and F-T-S models were

unable to predict this phenomenon and we attribute it to fiber con-
tact as the fiber reorients from a mostly planar orientation to align
itself in the flow direction. As a result of the F-T-S model’s inability
to predict the increase in orientation in the x2 direction, the simu-
lations of �+ beginning from the experimentally determined initial
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onditions did not predict the �+ overshoot. However, simulations
f the stresses beginning from a strain of 7, the peak of the �+ over-
hoot, showed a qualitative agreement with the overshoot decay
rom a strain of 7.
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